We explore the potential application of graphene-based qubits in photonic quantum communications. In particular, the valley pair qubit in double quantum dots of gapped graphene is investigated as a quantum memory in the implementation of quantum repeaters. For the application envisioned here, our work extends the recent study of the qubit (Wu et al., arXiv: 1104.0443; Phys. Rev. B 84, 195463 (2011)) to the case where the qubit is placed in an in-plane magnetic field configuration. It develops, for the configuration, a method of qubit manipulation, based on a unique AC electric field-induced, valley-orbit interaction-derived mechanism in gapped graphene. It also studies the optical response of graphene quantum dots in the configuration, in terms of valley excitation with respect to photonic polarization, and illustrates faithful photon ↔ valley quantum state transfers. This work suggests the interesting prospect of an all-graphene approach for the solid state components of a quantum network, e.g., quantum computers and quantum memories in communications.
I. Introduction
Quantum bits (qubits) are the fundamental units of quantum information exchanged in quantum communications (QCs) [1, 2] or processed in quantum computing [3] . Apart from the flying photon qubit which plays an essential role in QCs, of particular interest among the qubits proposed are the static, solid state ones that utilize the spin [4] or valley [5] degrees of freedom of electrons. Such qubits can be used for storage of quantum information and, moreover, having the structure of gated devices, may be scalable and electrically manipulated, similar to semiconductor IC transistors.
The present work focuses on the potential application of valley-based qubits in QCs, which is based on the unique physical properties of graphene recently discovered [6] and extensively studied [7] . As is well known, graphene is a two-dimensional material of hexagonal lattice, with a distinctive band structure characteristic of a Dirac particle. More importantly, there are two independent energy valleys located, respectively, at K and K' of the Brillouin zone. A low-lying charge carrier may sit in either of the valleys and is endowed with a binary-valued degree of freedom (d.o.f.) analogous to spin.
It has been conjectured for some time that this valley d.o.f. is suited to the coding of quantum information, [8] and the conjecture is recently realized in the proposal of Reference 5 by Wu et al. It is shown that a valley-based qubit (called valley pair qubit) can be implemented by utilizing two coupled quantum dots (QDs) in gapped graphene (epitaxially grown on SiC [9] or BN [10] , for example). As explained in Reference 5, a valley pair qubit is basically a two-electron system in the double quantum dots (DQD), with the state space consisting of "valley singlet/triplet states" representing, respectively, logical 0/1 values.
Reference 5 develops, for the valley pair qubit, a method of quantum state manipulation suited to the implementation of valley-based quantum computing. It employs a static tilted magnetic field configuration, where the in-plane field freezes the electron spin while the normal field induces an asymmetry between K and K' valleys, creating a corresponding "valley Zeeman splitting" [11, 12] . A key element of the method is that the splitting in each QD of the qubit can be tuned independently (with a gate voltage) to create across the qubit DQD a differentiation in the size of splitting, which drives a state transformation for the qubit manipulation. The physics underlying the electric tuning of valley splitting involves a unique, relativistic type physical mechanism in gapped graphene, namely, the following valley-orbit The VOI is an analogue of the Rashba mechanism [13] of spin-orbit interaction (SOI). While the SOI has been demonstrated an effective mechanism for electrical manipulation of spin qubits in semiconductors, [14] the VOI provides an alternative mechanism in the case of graphene where the SOI strength is known to be weak [7] .
The present work belongs to the series of our recent theoretical investigations of valley pair qubits, and extends the scope of potential applications for valley pair qubits from quantum computing to photon-based QCs. In particular, it examines the issue of photon ↔ valley quantum state transfer (QST) critical to the application envisioned here, and discusses the feasibility of valley-based quantum memories in the implementation of quantum repeaters for photonic QCs.
It is well known that, with the racing speed of light, photonic QCs hold great promise for quantum networks or long distance distributions of quantum keys in quantum cryptography [15] . In these applications, it is essential to generate with photonic signals a long range quantum entanglement between two sites. However, due to the exponential decay of photonic signals in the channel, the entanglement usually attenuates with distance, making the long range distribution of entanglement a challenging task. The quantum repeater protocol is a strategy that solves the problem of attenuation by dividing the channel into many segments and distributing the entanglement in a cascading fashion. [2, 16] With the protocol, quantum entanglement is generated in each segment and then connected with that in the adjacent segment (by entanglement swapping [17] ). The same process is applied over and again, each time with the entanglement range being doubled, until eventually it is expanded far enough to cover the two parties (sender and receiver) in the communication. In the protocol, photons are utilized to carry quantum entanglement (over a distance less than the light attenuation length), and solid state qubits are utilized as quantum memories to temporarily store the entanglements already established in the segments. Since the entanglements are built in a probabilistic manner, their storage in solid state qubits is of vital importance in that it synchronizes the entanglements for swapping.
One of the advantages in using solid state quantum memories, such as a semiconductor- [18] or the graphene-based one envisioned here, lies in the accessibility of quantum state manipulation via electrical gate control in the above cascading process. However, important issues arise. For example, an elementary and frequent operation in quantum repeaters with graphene-based quantum memories would be the conversion of a quantum state, from a photonic form to a valley-based one in graphene and vice versa, and it is crucial to minimize the quantum distortion resulting from such quantum state transfers (QSTs). This places a constraint on the working configuration of valley-based qubits, as well as on the corresponding method of state manipulation. The work presented below addresses these important issues.
In the work, we focus primarily on photonic QCs using the photonic polarization (σ+ / σ-) for coding. The constraint imposed by a faithful QST then requires that the optical response In fact, in the absence of a normal magnetic field, the optical excitation in gapped graphene is indeed symmetric, and obeys the selection rule in (I-1 
II. Valley pair qubits
The pair of coupled QDs (in the x-y plane) for the qubit may be formed by spatially modulating graphene energy bands, e.g., via back gate voltages, to provide a band gap- '
surface of a sphere (i.e., the Bloch sphere). |z T+ > and |z T-> are outside Г v and not needed in the application of quantum computing/communications. Physically, they are coupled to |z S > and |z T0 > by the intervally scattering K ↔ K', and provide a channel of leakage contributing to qubit decoherence. In Appendix C, the intervalley scattering of a QD-confined electron is considered. [20] Valley pair qubits can be manipulated all electrically. For example, if the exchange coupling J is maintained for a duration of t z , it produces the unitary transformation, R z (θ z ),
i.e., a rotation about the z-axis of the Bloch sphere with the angle of rotation θ z = J t z / ћ. [5] However, in order to manipulate the qubit to an arbitrary point on the Bloch sphere, we need, in addition to R z , a second independent state transformation. Sec. III addresses this important issue, and shows how to produce a rotation about the x-axis of the Bloch sphere (called R x below).
Quantum states of valley pair qubits are analogous to spin singlet/triplet states in the spin pair scheme [21, 22] . As such, valley pair qubits are characterized by the same distinctive advantages provided in the scheme, e.g., scalability and decoherence-free state space. The method developed in the scheme for initialization / readout / two-bit qugate (CPHASE) operation, as described by Taylor et al., [14] may also be adapted here. With the method and the single qubit operations R x and R z , universal quantum computing [23] can be achieved using valley-pair qubits.
III. VOI-based state manipulation
We note that the valley pair states, |x -> and |x + >, defined below, There are two approaches to produce the needed valley asymmetry. Firstly, a normal magnetic field may be applied, as in the proposal of Wu et al. for quantum computing [5] .
For QCs, if the same approach is employed, the field would have to be switched on and off frequently (e.g., off during the photon ↔ valley QST, in order to achieve a faithful QST, and on when the valley qubit is being processed in the quantum repeater) at the same frequency used in sending/receiving the photonic signal, leading to complications in the application. Or, alternatively, one may resort to the second approach where an in-plane magnetic field configuration is employed. In the following, we consider a QD-confined electron in this configuration, and show that an AC electric field can replace the normal magnetic field and induce the required valley asymmetry. This is termed the AC electric field-induced, VOIbased effect, and it enables a rotation about the x-axis of the Bloch sphere.
The QD profile
Apart from the AC electric field, the VOI-based effect depends also on the QD confinement potential. We describe briefly this dependence here. Let V QD be the QD confinement potential. Two profiles are considered. In one case, V QD = V 2 
The Schrodinger type equation with "relativistic correction" up to the 2 nd order
Generally the two-band model (i.e. the Dirac equation) is a good description of both the conduction and valence bands in graphene. [7] However, in order to facilitate an analytical study of the VOI-based effect, we focus here on the regime where the electron is near the conduction band edge, i.e., E/Δ << 1 where E = electron energy with respect to the band edge.
(The study can easily be extended to near-band-edge valence band holes.) In the regime, the Dirac equation is reduced to the Schrodinger type equation derived in Appendix A. In the cubic case where
here is the time-dependent electron displacement due to the AC electric field. This linearization does not affect the discussion below, since as shall become clear, the leading order of VOI-based effect is linear in y 0 . H (0) + V 3 constitutes the "nonrelativistic" part of the Hamiltonian. H (1) and H (2) are, respectively, the 1 st -and 2 nd -order relativistic type corrections, with
Eqn. (III-1) is correct to O(E/Δ)
We separate, in H (1) and H (2) , valley -dependent and -independent terms. Specifically, we write
The subscripts 'τ'/'0' here label valley -dependent/independent terms. y 0 (t) is explicitly written where the time-dependence appears. H (1) was previously derived and compared to the 
is the 2 nd -order VOI, and has been decomposed into V 2 -and V 3 -derived terms.
Expressions underlined are evaluated first. H 0 (2) is not given here, as it is irrelevant to the calculation of the VOI-based effect. See Appendix B. Note that the linearization of H(x,y,t) in y 0 leads to the approximation that H(x,y,t) ≈ H(x,y+y 0 (t)), as can be verified with Eqns.
(III-1), (III-1.1), and (III-1.2). 
Adiabatic perturbation-theoretical treatment
We now perform the quantitative analysis of VOI-based effect. Specifically, we examine if the AC electric field is able to induce any valley dependence in the ground state of the QDconfined electron. We employ the adiabatic perturbation theory [25] and write the ground state wave function
Here, φ 0 (t) and E 0 (t) are the instantaneous ground state and energy, respectively, defined in the following, , '
The notation H' is introduced above, and is to be treated within the time-independent perturbation theory in the evaluation of <φ 0 |p y φ 0 >| yo=0 . (From now on, the subscript y 0 =0 shall be dropped.)
Utilizing the fact that <φ 0 |p y φ 0 > α τ v , derived earlier, we write 
Qubit manipulation
For illustration, we consider the qubit manipulation in the quartic case. As made clear in the above, a geometric phase contrast is induced by the AC electric field between valley states. In half of the AC cycle (-π/2w s , π/2w s ), for example, it evolves as follows, Based on (III-6), the AC fields produce the following evolution of valley pair states in half of the AC cycle, 
IV. Optical response and quantum state transfer
Firstly, we describe the near-band-gap optical response from a gapped graphene QD. In particular, we consider the excitation of an electron from a valence band state to the lowest quantized conduction band state in the QD, as shown in Fig. 3 .
Since the excitation involves both valence and conduction bands, we return to the twoband model, i.e., the Dirac equation, where k ph = photon wave vector, w ph = photon frequency, and A 0 is the amplitude of A. H A is treated with the time-dependent perturbation theory. We take z = 0 in the graphene plane.
Then, near resonance (ћw ph ~ E 0 (c) -E 0 (v) ), the optical response is governed by the following optical matrix elements Next, we describe a feasible method to transfer the quantum state from a photon qubit to a valley pair qubit, shown in Fig. 4 , based on the optical response described in Eqns. (IV-3) ~ (IV-5) for the QD. To begin, the valley pair qubit is placed in a photonic cavity, and initialized in the singlet state |K L K' R > -|K' L K R >, with the exchange coupling J turned down after the initialization, in order to freeze the inter-QD orbital motion during the QST that follows. We take that the energy levels in QD L and QD R are detuned (by back gate voltages), and the cavity photon energy (ћw cavity ) matches only the exciton binding energy (ћw exciton ) in QD L . As shown in Fig. 4 , the photon signal (with the photon frequency w ph = w cavity ) enters the cavity in the polarization state α|σ+>+β|σ-> carrying the quantum information, and interact with the electrons in the QDs. Then, due to the light-electron interaction, the initial (photon-electron composite) state evolves in time. According to Eqns. (IV-3) ~ (IV-5), the following cavity QED processes take place in QD L , photon absorption:
photon re-emission (→) and re-absorption (←):
where |Φ 0 > is the initial state, K ex,L (K' ex,L ) is the K (K')-valley exciton created by the process of photon absorption in QD L . Note that the intermediate state |Φ 2 > generated in the above processes is entangled and the photon state can no longer be factored out in |Φ 2 >. In this entangled state, the information carried by the photon is shared between photons and valley electrons. Eventually, the re-emitted photon in |Φ 2 > escapes the cavity, and can be measured for its state of linear polarization, leaving the valley pair qubit carrying the full information.
The measurement produces the valley pair state
if x-polarization is measured, or the state
if it yields y-polarization.
In order to see that the above procedure indeed produces the desired photon → valley QST, we make the approximation M < = 0 in (IV-6a) and (IV-6b). Then, we see that
Thus, the quantum information is successfully transferred to the valley pair qubit. If desired, one can further manipulate the qubit state in (IV-6a') or (IV-6b') into the state α |K L K' R > + β |K' L K R > or α|z S > + β|z T0 >, with the VOI-based method described in Sec. III.
It is noted, in the QST mechanism envisioned above, that some information distortion (of O(E/Δ)) appears to occur in the QST, as reflected in the contrast between Eqns. (IV-6a), (IV6b) and Eqns. (IV-6a'), (IV-6b'), due to the finite magnitude of M < . However, the distortion would only turn into a true loss of fidelity, if the transfer stands alone not being a part of a series of QSTs. As shall be shown below, in the back-to-back valley → photon → valley QST, the distortion of information in one transfer is cancelled by that in the other.
Let us now consider the valley → photon QST. We start with the following valley pair state in the cavity, α|K L K' R > + β|K' L K R >, carrying quantum information. We send a photon into the cavity, with the photon initialized in the state |σ+>+|σ->, and let it interact with the electrons. The photon-electron state evolves as follows, photon absorption:
In |Φ 2 '>, the re-emitted photon and the QD electrons are entangled. The re-emitted photon eventually escapes from the cavity, leaving behind the valley pair. We measure the valley pair state, producing the following photon state
if the measurement yields the singlet state, or
if the triplet state is measured.
We remark on two points. Firstly, if we set M < = 0 in (IV-7a) and (IV-7b), we obtain
showing a successful valley → photon QST. Again, because of the finite magnitude of M < ,
the quantum information appears to be distorted in the QST, and would cause true fidelity loss of O(E/Δ), if the transfer is not coupled with other QSTs. Secondly, if we combine the results of Eqns. (IV-6a), (IV-6b), (IV-7a), and (IV-7b), it can be shown that the back-to-back QST is highly faithful, as expressed in the following diagram, It is worth noting that, given the highly faithful back-to-back process shown above, a similar but longer process such as valley → photon → ……→ valley, which involves valley ↔ photon QST for many times, is obviously, in principle, as faithful as the back-to-back process. That is, the small quantum distortion occurring in the single step valley ↔ photon QST does not accumulate along the way. This is an important feature of the present valleybased approach for quantum memories, and is also an essential requirement for any quantum memories employed in long distance QCs. In reality, there are various factors which affect the yield and fidelity in the QST envisioned here, such as cavity Q-factor and valley state decoherence. These important issues shall be studied in a separate work.
V. Summary and conclusion
In summary, we have investigated valley pair qubits in graphene double quantum dots, in the in-plane magnetic field configuration, and developed a method of qubit manipulation for this configuration. The method is based on the 2 nd -order relativistic type effect in gapped graphene involving the valley-orbit interaction, and is able to operate in the time scale of O(10ns). Moreover, the work has also considered the optical response of graphene quantum dots, in terms of valley excitation with respect to photonic polarization, and illustrated faithful quantum state transfers from photon to valley pair qubits and vice versa. It shows the potential of graphene quantum dots in photonic quantum communications, and in particular, the feasibility of implementing graphene-based quantum memories for quantum repeaters.
Along with the previous exploration in Reference 5 of valley pair qubits for quantum computing, it suggests the interesting prospect of an all-graphene approach for the solid state components of a quantum network, i.e., quantum computers and quantum memories in communications. 
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Here, V = potential energy, E = electron energy with respect to the conduction band edge, and p ± = p x ± ip y . Or, equivalently, 
Here,
deriving from the 1 st term in […] (and V), and constituting the "non-relativistic" part of the "Schrodinger Hamiltonian". H (1) ' derives from the 2 nd term in […] , and constitutes the 1 storder R.C. It was already given previously [5] , and listed below,
Here, terms underlined are evaluated first. We focus on the derivation of H 
Geometric phase rate of change (γ 0 ) due to the ac electric field-induced, VOI-based effect We provide the perturbative evaluation of γ 0 due to the ac electric field-induced, VOIbased effect. According to Sec. III, the rate of change in the geometric phase is , ' ) ( 
(1) has been dropped, being only a constant.
According to Sec. III, we write 
(The same notation φ 0 ' shall be used repeatedly where it causes no confusion.) Applying Ehrenfest's theorem to the following expectation value involving the last φ 0 ', 
where the wave equation now includes no R. C. at all. Then, applying again Ehrenfest's theorem,
With p y (1) = 0 as just shown, we rewrite (III-3), Before we move on to calculate the momentum matrix elements remaining in (B-1), we summarize the useful trick employed above in the derivation of p y (1) , since it is to be utilized again in the evaluation of these matrix elements. Namely, we utilize Ehrenfest's theorem to extract out τ v , k 3x , and the order of R.C. as well, from the expectation value being evaluated, and then proceed with the perturbation theory at a lower order to calculate the new expectation value appearing after the extraction. Below, we present the 2 nd method.
We apply the trick and write
We focus now on the last two matrix elements introduced in (B-2). Firstly, we reduce
We turn to the calculation of
in (B-2). We start by reducing
Note that φ 0 ' here needs to be evaluated only to the 2 nd order in the perturbation V 3 + H τ (1) .
This can be carried out, yielding 
Last, we evaluate p y (2, 2) in (B-1). Because it derives from H τ (2) in the 1 st -order perturbative treatment of H', we write 
Coherence time of valley pair qubit in the in-plane magnetic field configuration
We estimate the coherence time of valley pair qubits. In the absence of a normal magnetic field, the valley states are degenerate, and the qubit decoherence derives primarily from the elastic intervalley scattering K ↔ K' in each QD. Accordingly, the coherence time is determined by the following valley flip rate 
